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a b s t r a c t
In this article, we provide an analytic solution for the problem of unsteady axisymmetric
flow of a second-grade fluid over a radially stretching sheet. The governing equations are
first modeled and then converted into a non-linear partial differential equation by utilizing
similarity transformations. The series solution is constructed by the homotopy analysis
method (HAM). The explicit expressions for the velocity and skin friction are developed and
discussed for the sundry flow parameters. It is worth mentioning that the present solution
is valid for all values of the dimensionless time.
© 2008 Elsevier Ltd. All rights reserved.
1. Introduction
In industrial and technological applications, non-Newtonian fluids are considered more appropriate than Newtonian
fluids. However, such fluids cannot be described as simply as Newtonian fluids. In order to predict various flow
characteristics of these fluids, many fluid models have been proposed as evidenced in the literature. The involved
constitutive equations of non-Newtonian fluids give rise to equations which are complicated, higher order and more non-
linear in comparison with the Navier–Stokes equations. Therefore, in general, one needs additional boundary conditions for
a unique solution. This issue of additional boundary conditions regarding the existence and uniqueness of the solution is
discussed in detail by Rajagopal [1,2] and Rajagopal and Kaloni [3].
The flow of an incompressible fluid over a stretching surface has potential importance in several engineering processes
including polymer extrusion, in chemical engineering and metallurgy, in the boundary layer along liquid film condensation
etc. Since the pioneering work of Sakiadis [4], the steady stretching flows have been studied extensively in various ways.
Much less attention has been given to the unsteady stretching flows even in the viscous fluid. Such investigations are rare
when non-Newtonian fluids are taken into account. Some representative studies for unsteady stretching flows of Newtonian
and non-Newtonian fluids are given in the references [5–9].
The object of this paper is to present an analytic solution for the flow of a second-grade fluid over a radially stretching
sheet using the homotopy analysismethod (HAM) [10]. An analytic solution is given in the formof a series and the recurrence
relations are also obtained in order to obtain the coefficients of the infinite series. HAM is a powerful technique for non-linear
equations and has already been applied successfully to various non-linear problems [11–19]. The obtained analytic solution
of an unsteady axisymmetric flow over a radially stretching sheet is valid for all the times. To the best of our knowledge
such a type of solution has never been reported before. Graphical results are also given and discussed.
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2. Mathematical description of the problem
Consider the unsteady flow of a second-grade fluid over a stretching sheet which is placed in the plane z = 0 and is
stretched in the radial direction. Here for the mathematical formulation we choose the cylindrical coordinates (r, θ, z). Due
to rotational symmetry, all the physical quantities are independent of θ. Also the azimuthal component of velocity v vanishes
identically.
The Cauchy stress tensor in a second-grade fluid is [20]
σ = −pI+ µA1 + α1A2 + α2A21, (1)
where p is the pressure, µ is the dynamic viscosity, I is the identity tensor, α1 and α2 are the material parameters and the
kinematical tensors A1 and A2 are [21]
A1 = ∇V + (∇V )ᵀ , (2)
A2 = dA1dt + A1 (∇V )+ (∇V )
ᵀ A1,
in which V is the fluid velocity and d/dt is the material time derivative. The Clausius–Duhem inequality and the minimum
Helmholtz free energy in equilibrium require that [22–24]
µ ≥ 0,α1 ≥ 0,α1 + α2 = 0. (3)
The governing equations for the flow are
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subject to the conditions
u = ar, w = 0 at z = 0,
u → 0 as z →∞, (7)
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where a is the stretching constant. Employing the following similarity transformations:
u = arf ′ (η, ξ) , w = −2
√
aυξf ,
ξ = 1− e−aτ, η =
√
a
υξ
z, τ = at, (8)
and then eliminating the pressure we can write
f iv + 1− ξ
2
(
f ′′ + ηf ′′′)− ξ (1− ξ) ∂f ′′
∂ξ
+ 2ξf f ′′′ − 2αf f v = 0. (9)
Conditions (7) now reduce to
f (0, ξ) = 0, f ′ (0, ξ) = 1, f ′ (∞, ξ) = 0, (10)
in which α = aα1/µ and ′ denotes differentiation w.r.t. η.
3. Solution by HAM
3.1. Zeroth-order deformation problem
The velocity distribution f (η, ξ) can be expressed using a set of basis functions of the form{
ηkξj exp (−nη)
∣∣∣ k ≥ 0, j ≥ 0, n ≥ 0} . (11)
Hence the series solution is
f (η, ξ) = a0,00,0 +
∞∑
n=0
∞∑
k=0
∞∑
j=0
ak,jm,nη
kξj exp(−nη), (12)
in which ak,jm,n are coefficients. Invoking the so-called rule of solution expressions for f (η, ξ) in Eqs. (9) and (10), the initial
guess f0 (η) and linear operatorL are
f0 (η) = 1− exp(−η), (13)
L (f ) = f ′′′ − f ′, (14)
where
L [C1 exp (−η)+ C2 exp (η)+ C3] = 0, (15)
and C1, C2 and C3 are the constants. Eq. (9) shows that the non-linear operator is
N
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If h¯ is the auxiliary non-zero parameter then the zeroth-order deformation problem satisfies
(1− p)L
[
f¯ (η, ξ, p)− f0 (η)
]
= ph¯N
[
f¯ (η, ξ, p)
]
, (17)
where p (∈ [0, 1]) is an embedding parameter. For p = 0 and p = 1, we have
f¯ (η, ξ, 0) = f0 (η) , f¯ (η, ξ, 1) = f (η, ξ). (18)
The initial guess f0 (η) approaches f (η, ξ) as p varies from 0 to 1. By Taylor series expansion one can write
f¯ (η, ξ, p) = f0 (η)+
∞∑
m=1
fm (η, ξ) p
m, (19)
where
fm (η, ξ) = 1
m!
∂m f¯ (η, ξ, p)
∂pm
∣∣∣∣∣
p=0
(20)
and the convergence of the series (19) depends upon h¯. The values of h¯ are chosen in such a way that the series (19) is
convergent at p = 1. Then by using Eq. (18) one obtains
f (η, ξ) = f0 (η)+
∞∑
m=1
fm(η, ξ). (21)
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Fig. 1. h¯-curve for two different orders of approximation when ξ = 0.5.
3.2. mth-order deformation problems
Here we first differentiate Eq. (17) m times with respect to p then divide by m!, and setting p = 0 we get
L [fm (η, ξ)− χmfm−1 (η, ξ)] = h¯Rm(η, ξ), (22)
fm (0, ξ; p) = 0, ∂fm (η, ξ; p)
∂η
|η=0 = 0, ∂fm (η, ξ; p)
∂η
|η=+∞ = 0, (23)
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∂η4
+ ηξ (1− ξ)
2
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∂η3
+ (1− ξ)
2
∂2fm−1
∂η2
− ξ (1− ξ) ∂
3fm−1
∂ξ∂η2
+ 2ξ
m−1∑
k=0
fm−1−kf
′′′
k − 2α
m−1∑
k=0
fm−1−kf
v
k . (24)
The general solutions of Eqs. (22) and (23) are
fm (η, ξ) = f ?m (η, ξ)+ C1 exp (−η)+ C2 exp (η)+ C3, (25)
where f ?m (η) are the particular solutions. The constants are determined by the boundary conditions (23) and are given by
C2 = 0, C1 = ∂f
?
m (η, ξ)
∂η
∣∣∣∣
η=0
, C3 = −C1 − f ?m(0, ξ). (26)
The linear non-homogeneous Eqs. (22)–(24) will be solved using Mathematica in the order m = 1, 2, 3, . . ..
4. Skin friction
The shear stress τ on the surface of the stretching sheet is
τ = Trz |z=0 , (27)
and the local skin friction coefficient or frictional drag coefficient is
Cf = τ1
2ρ (ar)
2 . (28)
Eq. (27) can be written as
Cf = 2Re−
1
2
r [f ′′ (η, ξ)+ 2α (f ′ (η, ξ) f ′′ (η, ξ)− f (η, ξ) f ′′ (η, ξ))]. (29)
5. Convergence of the HAM solution
As long as a series solution given by the homotopy method converges, it must be a solution. So, it is important to ensure
the convergence of the solution series. In this section, we discuss the convergence of the series containing the auxiliary
parameter h¯. The values of h¯ determine the convergence region and rate of approximation for the homotopy analysismethod.
The auxiliary parameter h¯ provides us with a simple way to ensure the convergence of the series solution. The h¯-curves are
sketched in Fig. 1 for two different orders of approximation. Fig. 1 clearly indicates that the range for the admissible values
of h¯ is 0 ≤ h¯ ≤ 0.6. Thus, by choosing h¯ = 0.2, we obtain an accurate analytic solution valid for all time τ ≥ 0 over the whole
region 0 ≤ η < ∞.
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Table 1
Variation of Re
1
2
r Cf with change in dimensionless time τ and second-grade parameter α
τ α = 0.0 α = 0.1 α = 0.2 α = 0.3
0.01 −1.99926 −2.39906 −2.79885 −3.19862
0.10 −1.99930 −2.39912 −2.79891 −3.19869
0.25 −1.99937 −2.39920 −2.79901 −3.19880
0.50 −1.99947 −2.39931 −2.79914 −3.19895
1.00 −1.99960 −2.39947 −2.79933 −3.19916
10.0 −1.99980 −2.39971 −2.79961 −3.19949
Fig. 2. Influence of dimensionless time τ on the velocity field f ′ .
Fig. 3. Influence of dimensionless time τ on the velocity field f .
6. Results and discussion
In this section, the influences of dimensionless time τ and non-Newtonian parameter α on the velocity components are
discussed. These influences have been analysed in Figs. 2–7. It is observed that when the dimensionless time τ increases,
the r-component of velocity and the boundary layer thickness increase. However the z-component of the velocity decreases
and the boundary layer thickness increases with increase in τ. The behavior of the velocity profile for different values of
the second-grade parameter α is displayed in Figs. 6 and 7. Fig. 6 indicates that the r-component of velocity increases and
the boundary layer thickness increases on increasing α. The z-component of velocity also increases and the boundary layer
thickness decreaseswith increasing values of the second-grade parameterα as shown in Fig. 7. The results for theNewtonian
fluid case presented in reference [19] are obtained as a special case of the present solution when α = 0. Table 1 shows the
influence of dimensionless time τ and the second-grade parameter α on the skin friction coefficient. It is noted that the
magnitude of the skin friction coefficient increases on increasing τ and α.
1356 I. Ahmad et al. / Computers and Mathematics with Applications 56 (2008) 1351–1357
Fig. 4. Influence of dimensionless time τ on the velocity field f ′ .
Fig. 5. Influence of dimensionless time τ on the velocity field f .
Fig. 6. Influence of second-grade parameter α on the velocity field f ′ .
7. Concluding remarks
In this paper, we have found the analytic solution for unsteady axisymmetric flow of a second-grade fluid over a
radially stretching sheet. The equations are first modelled and then solved by using the homotopy analysis method (HAM).
Convergence of the solution is appropriately discussed. It is noted that HAM provides a solution which is valid for all time.
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Fig. 7. Influence of second-grade parameter α on the velocity field f .
This type of analytic solution for a non-Newtonian fluid is obtained for the first time in the literature. We believe that the
present analysis is a worthwhile, as not much information on this topic is currently available.
References
[1] K.R. Rajagopal, Boundedness and uniqueness of fluids of the differential type, Acta Sinica Indica 18 (1982) 1–11.
[2] K.R. Rajagopal, On the boundary conditions for fluids of the differential type, in: A Sequira (Ed.), Navier–Stokes Equations and Related Nonlinear
Problems, Plenum Press, New York, 1995, pp. 273–278.
[3] K.R. Rajagopal, P.N. Kaloni, Some remarks on boundary conditions for fluids of differential type, in: G.A.C. Graham, S.K. Malik (Eds.), Continuum
Mechanics and its Applications, Hemisphere, New York, 1989, pp. 935–942.
[4] B.C. Sakiadis, Boundary layer behavior on continuous solid surface, AIChE J. 7 (1961) 26–28.
[5] I. Pop, T.Y. Na, Unsteady flow past a stretching sheet, Mech. Res. Comm. 23 (1996) 413–422.
[6] H. Xu, S.J. Liao, Series solutions of unsteady magnetohydrodynamic flows of non-Newtonian fluids caused by an impulsively stretching plate, J. Non-
Newtonian Fluid Mech. 129 (2005) 46–55.
[7] N. Nazar, N. Amin, I. Pop, Unsteady boundary layer flow due to stretching surface in a rotating fluid, Mech. Res. Commun. 31 (2004) 121–128.
[8] S.J. Liao, An analytic solution of unsteady boundary-layer flows caused by an impulsively stretching plate, Comm. Non-linear Sci. Numer. Sim. 11
(2006) 326–339.
[9] H.S. Takhar, G. Nath, Unsteady flow over a stretching with magnetic field in a rotating fluid, Z. Angew. Math. Phys. 49 (1998) 989–1001.
[10] S.J. Liao, Beyond Perturbation: Introduction to Homotopy Analysis Method, Chapman & Hall, Boca Raton, 2003.
[11] S.J. Liao, On the homotopy analysis method for nonlinear problems, Appl. Math. Comput. 147 (2004) 499–513.
[12] S.J. Liao, A uniformly valid analytic solution of 2D viscous flow past a semi-infinite flat plate, J. Fluid Mech. 385 (1999) 101–128.
[13] S.J. Liao, A. Campo, Analytic solutions of the temperature distribution in Blasius viscous flow problems, J. Fluid Mech. 453 (2002) 411–425.
[14] M.Ayub, A. Rasheed, T. Hayat, Exact flowof a third grade fluid past a porous plate usinghomotopy analysismethod, Int. J. Eng. Sci. 41 (2003) 2091–2103.
[15] M. Sajid, T. Hayat, S. Asghar, Comparison between the HAM and HPM solutions of thin film flows of non-Newtonian fluids on moving belt, Nonlinear
Dyn. 50 (2007) 27–35.
[16] C. Yang, S.J. Liao, On the explicit purely analytic solution of Von Karman swirling viscous flow, Comm. Non-linear Sci. Numer. Sim. 11 (2006) 83–93.
[17] J. Cheng, S.J. Liao, I. Pop, Analytic series solution for unsteady mixed convection boundary layer flow near the stagnation point on a vertical surface in
a porous medium, Transp. Porous Media 61 (2005) 365–379.
[18] T. Hayat, M. Khan, Homotopy solution for a generalized second grade fluid past a porous plate, Non-Linear Dynam. 42 (2005) 395–405.
[19] M. Sajid, I. Ahmad, T. Hayat, M. Ayub, Series solution for unsteady axisymmetric flow and heat transfer over a radially stretching sheet, Comm. Non-
linear Sci. Numer. Sim. (in press).
[20] C. Truesdell, W. Noll, The Non-linear Field Theories of Mechanics (Handbuch der Physik, III/3), Springer, Berlin, Heidelberg, New York, 1965.
[21] R.S. Rivlin, J.L. Ericksen, Stress deformation relations for isotropic materials, J. Ration. Mech. Anal. 4 (1955) 323–425.
[22] J.E. Dunn, R.L. Fosdick, Thermodynamics, stability and boundedness of fluids of complexity 2 and the fluids of second grade, Arch. Ration. Mech. Anal.
56 (1974) 191–252.
[23] J.E. Dunn, K.R. Rajagopal, Fluids of differential type — critical review and thermodynamic analysis, Int. J. Eng. Sci. 33 (1995) 689–729.
[24] R.L. Fosdick, K.R. Rajagopal, Anomalous features in the model of second grade fluids, Arch. Ration. Mech. Anal. 70 (1979) 145–152.
